Since the quality factor of an acoustic wave resonator (AWR) reached 10 11 , AWRs have been regarded as a good carrier of quantum information. In this paper, we propose a scheme to construct a NOON state with two AWRs assisted by a nitrogen-vacancy-center ensemble (NVE). The two AWRs cross each other vertically, and the NVE is located at the center of the crossing. By considering the decoherence of the system and using resonant interactions between the AWRs and the NVE, and the single-qubit operation of the NVE, a NOON state can be achieved with a fidelity higher than 98.8% when the number of phonons in the AWR is N ≤ 3.
I. INTRODUCTION
Quantum entanglement is not only one of the significant features of quantum mechanics but also an important application in quantum information processing (QIP) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Over the past decades, many works have been proposed to creat entanglements using atoms or photons assisted by various quantum systems [15, 16] , such as cavity quantum electrodynamics (cavity-QED) [17] [18] [19] [20] [21] [22] [23] , circuit quantum electrodynamics (circuit-QED) [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] ,trapped ions [36] [37] [38] [39] , quantum dots [40] [41] [42] [43] [44] [45] , cold atoms [46, 47] , nitrogen-vacancy (NV) centers [48] [49] [50] [51] [52] , nuclear magnetic resonance [53] [54] [55] [56] [57] , acoustic wave resonators (AWRs) [58] , optomechanical systems [59] [60] [61] [62] , and atomic ensembles in free space [63] .
In recent years, acoustic wave resonators, whose quality-factor (Q-factor) has been increased to ∼ 10 11 [64] , have attracted more and more attention for QIP [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] . For example, in 2012, Goryachev et al. [65] measured a quartz bulk acoustic wave resonator and showed that the Q-factor of the resonator can be continually increased to 10 9 . In 2018, Cai et al. [70] proposed a scheme to achieve a single phonon source based on the nonlinearity generated by the four-level NV-centers in a diamond photonic crystal resonator. In 2017, Noguchi et al. [72] demonstrated an ultrasensitive measurement of fluctuations in an AWR and up-converted the excitation in the AWR to an excitation in a microwave resonator in a hybrid system consisting of an AWR, a microwave resonator, and a superconducting qubit.
To achieve the QIP with AWRs, many works have studied the coupling between a nonlinear quantum system and an AWR both experimentally and theoretically. Examples include the coupling between an AWR and a superconducting qubit [77] [78] [79] [80] [81] [82] , an NV-center [68, 83, 84] , the phononic QED [67, 85] , and the quantum dots [86] [87] [88] . Among these couplings, due to the long coherence time [89, 90] and good manipulability of the NV-centers [91] [92] [93] [94] , the coupling between NV-centers and the AWRs has attracted much attention in recent years. For example, in 2016, Golter et al. [68] realized the strong coupling between a nitrogen-vacancy-center ensemble (NVE) and an AWR, and they also realized the coherent population trapping and optically driven spin transitions. In the same year [69] , they demonstrated the quantum control of an NV-center in the resolved-sideband regime by coupling the NV-center to the optical and the AWR fields.
In this paper, we propose a simple scheme to generate a NOON state with AWRs in a system consisting of two AWRs coupled to an NVE for the first time. The operations used here are resonant interactions between the AWRs (microwave pulse) and the NVE, which help us to achieve a high fidelity NOON state in a short time. To demonstrate the feasibility of the scheme, we numerically simulate the fidelities of the NOON states with the AWR phonon number as N = 1, 2, and 3 by considering the decoherence of the system, and the fidelities of which reach 99.54%, 99.18%, and 98.80%, respectively.
II. GENERATION OF NOON STATE WITH THE AWRS
To construct a NOON state with AMRs, we consider a system consisting of two AWRs coupled to an NVE as shown in Fig.1(a) . The two AWRs cross each other vertically, and the NVE is located at the center of the crossing.
The electronic ground state of the NV-center has a spin of S = 1 with an energy splitting between the states |m s = 0 and |m s = ±1 with frequency ω ± ≈ 2π × 2.88 GHz in a zero magnetic field. By applying an external magnetic field B parallel to the axis between the nitrogen and the vacancy, the states |m s = ±1 can be split. For simplicity, the states of the NV-centers |m s = 0 , |m s = −1 , and |m s = 1 are labelled as |g , |e , and |u , respectively, with where the energies are characterized by E g < E e and E g < E u . ω ge (ω gu ) is defined as the transition frequency between states |g and |e (|g and |u ). Here, ω ge can be tuned by B, and ω gu is kept unchanged as 2π × 2.88 GHz. The states |g and |e (|g and |u ) of the NVE can be flipped by applying a microwave pulse with frequency ω e (ω u ) and strength Ω e (Ω u ) as shown in Fig.1(b) . In addition, the frequencies of the AWRs and the transition |g ↔ |u of the NVE should be far detuned from each other largely. There are two stages with (2N + 2M + 3) steps to generate the NOON state. First, we focus on the first stage which contains (2N + 1) steps. In this stage, the two transitions |g ↔ |e and |g ↔ |u of the NVE are set to be far detuned from AWR 2 largely all the time. The initial state of the whole system should be prepared as
Here, the subscript 1(2) represents the AWR 1 (2) . The operations of the first stage containing (2N + 1) steps are described as follows:
Step 1: A microwave pulse with strength Ω e is applied to resonate with the transition |g ↔ |e of the NVE to form the Hamiltonian H e = Ω e σ + ge + H.c. , where σ + ge represents the raising operator of the transition |g ↔ |e . Here, the two transitions of the NVE should be far detuned from AWR 1 and AWR 2 largely. Then, the state of the system will evolve from |ψ I to
after an operation time t = π/ (4Ω e ).
Step 2: A microwave pulse with strength Ω u is applied to resonate with the transition |g ↔ |u of the NVE when the two transitions of the NVE are detuned from AWR 1 and AWR 2 . After an operation time of t = π/ (2Ω u ), state |g of the NVE is excited to |u with a −i phase shift, and the state of the whole system becomes
Step 3: By letting the transition |g ↔ |e of the NVE resonate with AWR 1 (ω ge = ω 1 ), state |ψ 2 will evolve to
after an operation time t = π/ (2g ge 1 ). Here, ω 1 (2) is the frequency of the AWR 1 (2) . g ge 1 is the coupling strength between the AWR 1 and the transition |g ↔ |e of the NVE.
Step 4: A microwave pulse with strength Ω e is applied to excite the state |g to |e after an operation time of t = π/ (2Ω e ). Then, the state of the system evolves from |ψ 3 to
Step 5: As in the step 3, we let the transition |g ↔ |e of the NVE resonate with the AWR 1 . After an interaction time t = π/ (2g ge 1 ), the state of the system evolves from |ψ 4 to
Step j (j = 6, 7, ..., 2N + 1): Repeating steps 4 and 5 successively with N + 1 times, the state of the system will evolve to
Then, by tuning the two transitions |g ↔ |e and |g ↔ |u of the NVE to be far detuned from AWR 1 largely, we will give the operations of (2M + 2) steps of the second stage to achieve the NOON state as follows:
Step 2N + 2: A microwave pulse with strength Ω u is applied to flip the states |g and |u of the NVE. After an operation time t = π/ (2Ω u ), the state of the system becomes
Step 2N + 3: A microwave pulse with strength Ω e is applied to excite the state |g to |e . State |ψ ′ 1 will evolve to
Step 2N + 4: Resonating the AWR 2 with the transition |g ↔ |e of the NVE (ω ge = ω 2 ), the state of the system will evolve from |ψ
after an operation time of t = π/ (2g ge 2 ). Here, g ge 2 is the coupling strength between the AWR 2 and the transition |g ↔ |e of the NVE.
Then, repeating the operations of steps 2N + 3 and 2N + 4 with M − 1 times, the state of the whole system evolves to
Step 2N + 2M + 1: Applying a microwave pulse with strength Ω e to excite the state |g to the state |e , state |ψ ′ 2M−1 will evolve to
Step 2N + 2M + 2: The same as the step 2N + 2. The state of the system evolves from |ψ
Finally, resonating the transition |g ↔ |e of the NVE with the AWR 2 , the state of the system becomes
which is just the NOON state of the AWRs.
III. NUMERICAL SIMULATION
The operations for generating the NOON state with the AWRs contain four kinds of resonant interactions: the microwave pulse with strength Ω e resonates with the transition |g ↔ |e of the NVE, the microwave pulse with strength Ω u resonates with the transition |g ↔ |u of the NVE, the transition |g ↔ |e of the NVE resonates with the AWR 1 , and the transition |g ↔ |e of the NVE resonates with the AWR 2 . Hamiltonians of the system for these interactions are given below:
First, when the microwave pulse with strength Ω e resonates with the transition |g ↔ |e of the NVE, the Hamiltonian of the system can be written as 
where ∆ e u = ω ge − ω u . Third, when the frequency of the transition |g ↔ |e of the NVE is tuned to resonate with AWR 1 , the Hamiltonian of the system becomes In the last case, resonating the frequency of the transition |g ↔ |e with the AWR 2 and making the AWR 2 far detuned from the transition |g ↔ |u of the NVE largely, the Hamiltonian can be expressed as To show the feasibility of the scheme, we numerically simulate [95] [96] [97] the fidelity of the NOON state through the Hamiltonian H r j (j = e, u, 1, 2) by considering the relaxation rate and the dephasing rate of the NVE. The master equation governing the dynamics of the system is
Here, κ 1(2) is the decay rate of the AWR 1 (2) . γ ge (γ gu ) is the energy relaxation rate of the transition |g ↔ |e (|g ↔ |u ) of the NVE, and γ φ e (γ φ u ) is the dephasing rate of the state |e (|u ). σ ee = |e e| and σ uu = |u u|.
, σ ge , and σ gu . The fidelity of the NOON state is defined as
Here, ρ(t) is the realistic density operator after the operations on the initial state |ψ I with the Hamiltonian H r j and the decoherence of the system. |ψ f is the final state after the ideal operations on the initial state |ψ I . Here, the parameters of the system are taken as: ω 1 = 2π × 152.5 MHz, ω 2 = 2π × 184.8 MHz [64] , ω e = 2π × 2.7 GHz, and ω u = 2π × 2.88 GHz. The couplings are taken as g Table I, Table II,  and Table III , respectively. The fidelities of our NOON states plotted in Fig.2(a) indicate the fidelities of the NOON states with N = M = 1, 2, and 3 reach F 1 = 99.54%, F 2 = 99.18%, F 3 = 98.80%, respectively. To discuss the influences of the imperfect relationship among parameters, for simplicity, we consider two conditions: (1) coupling strengths between each transitions of the NVE and the two AWRs are not equal to each other; (2) the influences of different dephasing rates of the NVE. To consider the first condition, we take g Fig.2(a) . When we take g ge 2 = g gu 2 = 2π × 0.35 MHz, the fidelities of the NOON states for N = M = 1, 2, and 3 are 99.5%, 99.2%, and 98.8%, respectively. To show the influences of the dephasing rate of the NVE, we show that the fidelity of the state varies with (γ φ e(u) ) −1 as shown in Fig.2(b) with N = M = 1, 2, and 3.
IV. SUMMARY
We propose a scheme to generate a NOON state using AWRs in a system consisting of two AWRs coupled to an NVE. With the resonant interactions between the AWR (microwave pulse) and the NVE, the numerical simulation shows that the fidelities of our NOON states can reach 99.54% for N = 1, 99.18% for N = 2, and 98.80% for N = 3 by considering decoherence of the system.
